possesses an approximate functional equation, cf. reference 1, where this last result was used in connection with the mean value of c(s) on the critical line. The case k = 1 is due to Wigert.
It seems very difficult to establish corresponding results for co fk(x, y) = E dk(n) Vk(n 2x2)eixy (5) x = 1 1 Bellman, R., "Wigert's Approximate Functional Equation and the Riemann ZetaFunction," Duke Math. J., 16, 547-552 (1949) . 2 Hardy, G. H., "On Dirichlet's Divisor Problem," Proc. Lond. Math. Soc., 15, 1-20 (1916) . 3Hardy, G. H., "Some Multiple Integrals," Quart. J. Math., 39, 357-375 (1908 Ann., 121, 141-183 (1949) .
6 Siegel, C. L., "Uber die analytische Theorie der quadratischen Formen," Ann. Math., 136, 527-606 (1935 In the account which follows, the small greek letters a, 4, X, ;s, v and vr will be used for elements of the ring G of Gaussian integers. a and Na denote the conjugate and norm of a in G. a is said to be odd, oddly even or totally even according as Na is congruent to one, two or zero modulo 4. The letter E is reserved for denoting any one of the four units = 1, =i i of the ring G.
2. Let u be a complex variable, and (P(u) the Weierstrass (P-function formed with the invariants g2 = 4w, g3 = 0. Let (3) Consequently, just as in the real multiplication case,' the polynomials P, may be defined purely algebraically as modified solutions of (4). On using this algebraic definition in conjunction with the function-theoretic definitions (1) and (2), the following results were obtained.
(i) If z, w are indeterminates, the correspondence v --P,.(z, w) is a mapping of the ring G into the polynomial ring G(z, w) which preserves division; that is v divides ,u in G implies that P, divides P, in G(z, w). Furthermore, PC P P. = EPA, Pjz = PA.
Therefore if ,u is a rational integer, all the coefficients ir, of PA. are rational integers, and PA reduces to the polynomial of the real multiplication case studied in reference 1.
Let zo, wo be fixed rational integers. Then h, = P,(zo, wo) is a Gaussian integer and the correspondence v -h,, is a mapping of G into itself preserving division. Let (ii) If r is odd, the zeros of the prime 7r in I h,} form an ideal m which is never the zero ideal. Furthermnore if X is any rank of apparition of 7r in 1h,,, m is the principal ideal determined by X.
(iii) If -r is an odd complex Gaussian prime, then6 P,,(z, w) = P,,(O, w) (mod 7r). (iv) The sequence 1h,, becomes numericaly periodic modulo 7r. The moduli of its periods is contained in the ideal m of its zeros modulo T.
(v) Given a specific term h, of {h,,}, the only odd primes ir which can have rank of apparition X in {h,,} are either divisors of X, or primes for which the polynomial Px(z, w) splits completely into linear factors or completely into quadratic factors in the residue class ring G(z, w)/(wr). Such primes lie in arithmetical progressions whose common constant difference is a function of X alone.7 (v) generalizes the well-known result of Lucas and Sylvester that if P and Q are rational integers, all primitive prime divisors of U1 are either divisors of I or of the form kl kZ1.
The first few polynomials P. are as follows: Po = 0, P, = 1, Pi = i, P1 + i = 1 + i, P2 = 2, P3 = 3z4-6wz2-w2, P + 2i = (1 + 2i)z2-W, P3 + i = (3 + i)z4 -2(1 + 3i)wz2 + (3 + i)W2. All the remaining P, can be calculated from the recursion (4) and the relations P. = Pp Pe, =E .P Qualitatively similar results hold for the polynomials associated with any complex multiplication of (p(u).8
A more complete account of these and other results with proofs will be published elsewhere.
